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Accompanying  Statement 


Given  some  autonomous  evolution  equation  set  in  a Banach 
space  our  present  concern  lies  in  setting  up  a correspond 

ing  dynamical  system  on  a metric  space  S2  C 96,  and  then  apply 
ing  the  Liapunov  approach  to  obtain  qualitative  information 
about  the  behavior  of  motions.  Specifically,  the  results  pre- 
sented here  are  related  to  the  following  areas  of  difficulty  i 
application : 

a)  setting  up  nonlinear  dynamical  systems  that  are 
not  necessarily  quasicontractive  (Theorem  2.2), 

b)  locating  positive  invariant  sets,  with  possibly 
empty  interior,  by  using  a lower  semicontinuous 
Liapunov  function  V (Proposition  3.3), 

c)  estimating  the  derivative  V along  motions  for 

a a lower  semicontinuous  function  V (Theorem  3.4), 

d)  using  l.s.c.  Liapunov  functions  to  assure  pre- 
compactness of  positive  orbits  (Theorem  3.4  with 
Proposition  3.5), 

e)  using  l.s.c.  Lipaunov  functions  with  the  Invariance 
Principle  (Theorem  3.6). 
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SOME  RESULTS  ON  LIAPUNOV  FUNCTIONS 
AND  GENERATED  DYNAMICAL  SYSTEMS 

by 

J.  A.  Walker 


ABSTRACT 

This  paper  presents  several  results  pertaining  to  the  use 
of  lower  semicontinuous  Liapunov  functions  in  the  analysis  of 
autonomous  abstract  evolution  equations.  Such  functions  can  be 
useful  in  setting  up  a nonlinear  dynamical  system  that  need  not 
satisfy  any  exponential  estimate,  as  well  as  in  locating  positive 
invariant  sets  of  the  resulting  dynamical  system.  Other  results 
concern  the  computation  of  the  derivative  of  a lower  semicontin- 
uous Liapunov  function,  the  use  of  such  a function  to  assure  pre- 
compactness of  positive  orbits,  and  a version  of  the  Invariance 
Principle  that  is  valid  for  lower  semicontinuous  Liapunov  func- 


tions . 


1.  Introduction 


Given  some  autonomous  evolution  equation  set  in  a Banach 
space  our  present  concern  lies  in  setting  up  a correspond- 
ing dynamical  system  on  a metric  space  and  then  apply- 

ing the  Liapunov  approach  to  obtain  qualitative  information 
about  the  behavior  of  motions.  Specifically,  the  results  pre- 
sented here  are  related  to  the  following  areas  of  difficulty  in 
applications : 

a)  setting  up  nonlinear  dynamical  systems  that  are 
not  necessarily  quasicontractive  (Theorem  2.2), 

b)  locating  positive  invariant  sets,  with  possibly 
empty  interior,  by  using  a lower  semi continuous 
Liapunov  function  V (Proposition  3.3), 

c)  estimating  the  derivative  V along  motions  for 

a lower  semicontinuous  function  V (Theorem  3.4), 

d)  using  l.s.c.  Liapunov  functions  to  assure  pre- 
compactness of  positive  orbits  (Theorem  3.4  with 
Proposition  3.5), 

e)  using  l.s.c.  Liapunov  functions  with  the  Invariance 
Principle  (Theorem  3.6). 

We  take  this  opportunity  to  define  much  of  our  notation 
and  terminology.  The  symbols  and  denote  the  real  line 


2. 


(_o/«>)  and  nonnegative  real  line  [0,“),  respectively,  while 
represents  the  extended  real  line  [-00,00  ] with  ± “ con- 
sidered as  points,  -«  < a < 00  for  every  a € <5?  . 

Definition  1.1:  A mapping  u:^’+  x St  ->  St,  St  a metric  space,  is 
a dynamical  system  on  St  if  the  family  {u(t,*)}fc>Q  is  a Co- 
semigroup of  continuous  operators  on  St ; equivalently,  if 
u(0,x)  = x,  u ( t , u (t  , x)  = u(t+x,x),  u ( t , • ) : St  St  is  continuous  , 
and  u ( • , x)  : Si  ' -v  St  is  continuous  (right-continuous  at  t = 0) 
for  all  t , t e Si+ , x 6 St  . 

As  every  dynamical  system  is  equivalent  to  a CQ -semigroup 
of  continuous  operators,  the  theory  of  C0 -semigroups  provides  a 
means  of  relating  autonomous  abstract  evolution  equations  with 
dynamical  systems;  for  linear  dynamical  systems,  the  complete 
relationship  is  defined  by  the  Hille-Phillips-Yosida  Theorem  [10] 
For  nonlinear  C0 -semigroups , the  connection  with  evolution  equa- 
tions is  less  well  established  [4];  most  available  results  are 
restricted  to  the  "quasicontractive"  case  [4],  a restriction  that 
is  often  but  not  always  met,  even  when  St  - Sin • In  Theorem  2.2 
we  describe  a means  of  relaxing  this  restriction  by  determining 
a class  of  positive  invariant  sets  in  the  process  of  setting  up 
the  dynamical  system. 

Definition  1.2:  For  u a dynamical  system  on  a metric  space  St 
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and  x € St  , the  mapping  u(*,x):^?+  St  is  the  motion 
originating  at  x,  the  set  y(x)  = u(t,x)  is  the  positive 

orbit  of  the  motion,  and  ft(x)  = (Cl^^  u(t,x))  is  the 

(possibly  empty)  positive  limit  set  of  the  motion;  equivalently, 
v G f.'(x)  if  there  exists  a sequence  {t  } , 9 such  that 

-►  oo  and  u ( t , x)  ->  y as  n -*■  “.  A set  / C St  is  positive 
invariant  under  u if  x G -S  implies  that  y (x)  t i/  ; is 

invariant  under  u if  there  exists  a mapping  v:'#  xV  - 
such  that  v ( 0 , x ) = x and  v(t+s,x)  = u(t,v(s,x))  for  all 
x G i/  , t G ^,+  , s G W . 

It  is  apparent  that  every  invariant  set  is  positive  invariant, 
and  we  note  that  the  closure  of  a positive  invariant  set  is  it- 
self positive  invariant.  The  positive  limit  set  ft(x)  is  direct- 
ly related  to  the  asymptotic  behavior  of  the  motion  u(-,x)  as 
t - ° if  v(x)  is  precompact.  The  well  known  Invariance  Prin- 
ciple [5,  11,  34]  provides  a very  useful  means  of  locating  d(x) 
when  a suitable  Liapunov  function  is  available. 

Definition  1.3:  Let  u be  a dynamical  system  on  a metric  space 
St,  and  let  V ; St  •* be  lower  semicontinuous  . V is  a 1 . s . c . 
Liapunov  function  for  u on  a subset  if  V(x)  < 0 for  every 

x G f/s  , where  is  defined  by 

V(x)  lim  inf  i[V(u(t,x))  - V(x)]  if  |V(x)|  < 
t ^ 0 C 


V (x)  0 if  V ( x ) 


J CO 


V ( x) 


1 if  V ( x ) 


oo 
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In  applications,  the  computation  of  V often  poses 
severe  difficulties,  and  few  general  results  are  known  [22,  23]. 
Theorem  3.4  provides  a very  simple  and  unrestricted  means  of 
obtaining  a lower  bound  for  -V. 


Liapunov  functions  are  usually  defined  to  be  continuous, 
and  continuity  of  V is  essential  in  most  versions  of  the 
Invariance  Principle  [5,  11,  14];  however,  with  Dafermos  [6], 
we  believe  that  l.s.c.  Liapunov  functions  may  be  useful  in  es- 
tablishing precompactness  of  positive  orbits  in  certain  problems, 
and  such  functions  appear  to  be  useful  for  other  purposes  as 


well  [7].  Here  we  suggest  their  usefulness  in  determining 
positive  invariant  sets  with  possibly  empty  interior;  moreover 
by  modifying  an  idea  of  Ball  [1],  we  obtain  in  Theorem  3.6  a 
version  of  the  Invariance  Principle  that  is  valid  for  l.s.c. 
Liapunov  functions  and  general  dynamical  systems,  thereby  ex- 
tending an  earlier  result  of  Dafermos  [6,  7]. 


I 
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2.  Generated  Dynamical  Systems 
If  u:  9/+  x 9/9  9/9  is  a linear  dynamical  system,  99/  a 

Banach  space,  it  is  well  known  that  there  exists  a closed 
linear  and  densely  defined  operator  A:  ( i/ (A)  C /9 ) -*  & such 
that,  for  every  xq  G [/(h),  the  motion  u(-,xq)  is  the 
unique  strong  solution  of  the  linear  evolution  equation 


x ( t ) = Ax  (t)  Vt  6 , 

x (0 ) = xQ G [/(h). 


(1) 


Furthermore,  for  all  A G (0,A  ),  some  XQ  > 0, 

= 9/  and  I - AA  admits  a continuous  inverse  J ^ 
such  that  J^x  -►  x as  A ^*0  for  n=l,2,...,  and  ->  u(t,x) 

as  n •+  •»,  uniformly  on  compact  t-intervals  in  /+ , for  every 
x G 9%  [13].  Therefore,  it  is  reasonable  to  say  that  u is 
"generated"  through  the  product  formula  u(t,x)  = lim  x [3]. 

n->-«  ' 

Many  analogous  results  have  been  obtained  for  the  nonlinear 
case  as  well.  Crandall  and  Liggett  [4]  have  shown  that  if  a 
(possibly  multivalued)  operator  A:  (i/(A)  C 9# ) -*■  90,  90  a 

Banach  space,  is  such  that  (I-XA)  D Cl,^  9/  (A)  for  all 
\ G (0,Ao)  and  oil  - A is  accretive  (in  terms  of  some  equiva- 
lent norm  | 1 * | | ) for  some  to  G 9$,  then  a dynamical  system 
is  generated  on  9/9  = Cl  9/  (A)  by  the  same  product  formula  as 
in  the  linear  case.  Moreover,  u : 9/  x 9/9  -*■  9/9  is  | | * | |c~quasi- 


r ^ 

A 

6. 

contractive,  in  the  sense  that  e wtu  ( t , • ) : -►  is  ||*|  ^-con- 

tractive for  every  t G j^+.  It  also  has  been  shown  that  the 

motion  u(>,x  ) : ->  S'  provides  the  (unique)  strong  solution 

o 

of  the  evolution  equation 


x(t)  e Ax(t)  a.e.  t G _ 4+ / 

x (0)  = x G 1/(A)  , 


(2) 


for  every  x such  that  a strong  solution  does  exist.  A num- 
o 

ber  of  additional  conditions,  sufficient  for  the  existence  of 

strong  solutions,  are  also  known;  e.g.,  if  A is  closed  and 

■/)  is  reflexive,  or  if  A is  closed  and  u(-,x  ) is  known  to 

o 

be  strongly  differentiable  a.e.  on  S4'+  [4,17].  Although  this 

is  a very  powerful  result,  it  refers  only  to  dynamical  systems 
that  are  | | • j i e-quasicontractive , due  to  the  assumed 
J ! • | j g-accretiveness  of  col  - A.  Every  linear  dynamical  system 
is  of  this  type,  but  many  nonlinear  dynamical  systems  do  not 
possess  the  quasicontractive  property.  It  appears  that  major 
improvements  on  the  results  of  [4,17]  must  involve  relaxation 
(probably  localization)  of  the  accretiveness  condition;  for 
further  discussion  of  this  point,  see  [15]. 


In  our  intended  applications,  it  is  only  some  known  evolu- 
tion equation  that  will  be  explicitly  available  for  computations, 
and  therefore  we  are  concerned  here  with  a dynamical  system  that 
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is,  in  some  sense,  directly  related  to  a known  evolution  equa- 
tion. We  wish  to  make  this  idea  precise,  but  we  do  not  want 
to  restrict  our  considerations  to  quasicontractive  dynamical 
systems.  To  this  end,  we  note  that  both  the  foregoing  discussion 
and  recent  results  on  product  formulas  [3,15]  strongly  suggest 
that  a dynamical  system  related  to  an  evolution  equation  ought 
to  be  expressible  as  a product  formula  involving  the  (known) 
operator  A appearing  in  the  evolution  equation.  This  conjec- 
ture motivates  the  following  definition. 

Definition  2.1:  Let  u::4?+  x St-*  St.  be  a dynamical  system  on 

a metric  space  St.  Let  there  exist  a family  { J . } ..  . n 

A A 1 U f A ) 

O 

>0,  of  continuous  operators  J\  : St  -*•  St  such  that 

o A 

(i)  J^x  -*■  x as  X">.0,  n=  1,2,...,  for  every  x G St, 

(ii)  lim  J™,  x = u(t,x)  exists  for  all  x G j-?,  t G , 

n-*» 

converging  uniformly  on  compact  t-intervals. 

Then  u is  said  to  be  generated  by  a product  formula. 

In  applications  it  is  usual  that  J ^ = (I-XA)  , where 
A:  ( V(A)  C ./))  -*■  'S  may  be  multivalued  with  a Banach  space, 

f’(I-XA)  D St  Cl  . 1/  ( A)  , and  d (x,y)  = I I x-y  I I . We  shall 

'v  St  Si 

then  say  that  "A  generates  u"  on  the  metric  space  St.  As  we 
do  not  wish  to  be  restricted  to  the  quasicontractive  case,  we 
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do  not  insist  that  A satisfy  any  (uniform) accretiveness  con- 
dition. For  example,  the  following  proposition  shows  that  a 
Liapunov  approach  can  be  combined  with  the  Crandall-Liggett 
theory  [4]  to  set  up  a class  of  generated  dynamical  systems 
that  may  not  be  (uniformly)  quasiconstractive  in  terms  of  any 
equivalent  norm. 

Theorem  2.2:  For  .CS  a Banach  space,  consider  a (possibly 

multivalued)  A:  ( St  (A)  C ''/>)  -*.<#,  a lower  semicontinuous  V : 

with  V(x)  > for  every  x e St,  and  a < 00  such  that  the 

set  $ = {x  £ ^lv(x)  < a}  C Cl  i/(A) . Let  there  exist  an  equiva- 
ot  — '/ 

lent  norm  ! I • I i and  to,  A £ , A >0,  such  that  for  all 

ct  o o 

e (0,Ao), 

(i)  A’ (I-  A A)  D Sf  , 

(ii)  V(x)  <_  V(x-Ay)  for  all  x £ l/( A)  , y 6 Ax,  such 

that  x - Ay  6 f , 

-1  a 

A A A 

(iii)  | | (1  + Ato)  (x-x)  - A(y-y)  | | > | |x  - x|  | for  all 

Ct  Cl 

A A A 

x,  x C $ H i/(A)  , y £ Ax,  y £ Ax. 

If  A is  the  maximal  restriction  of  A to  £/(A  ) ^ H £^(A)  , 

« a a 

then  A ( generates  a dynamical  system  u on  the  (complete) 

metric  space  St  Cl  ,I/(A  ) with  d_(x,y)  = I j x — y j | ; more- 

v a of. 

over,  V is  a l.s.c.  Liapunov  function  for  u on  St  t the 
estimate  | |u(t,x)  - u(t,x)  | ] £ ea3t|  | x — y | | ^ applies  for  all 

x,  y £ ‘t,  t £ ^+,  and  ^ H St  is  positive  invariant  for  each  S _<  a. 


9 . 


If,  in  addition,  Cl^LS(A)  = 96  - i^(I-AA)  for  all  suffi- 
ciently small  A > 0,  U<uo  Cl^S^A  ) =&  for  some  aQ  G if,  and 

'o  'L 

suitable  | | • | ' , AQ(a)  > 0,  and  w (a)  < exist  for  every 

finite  a > a , then  A generates  a dynamical  system  on  A, 

V is  a l.s.c.  Liapunov  function  on  cd,  Cl  v'(A  ) and  .9  are 

positive  invariant  for  each  finite  a,  and  the  estimate 
; u ( t , x ) - u(t,y)||ct_<eu)^u^t||x  - y | | ^ applies  for  all 
x , y e Cl  f/(A  J , t G:^‘+,  for  each  finite  « > aQ. 

Proof : By  condition  (iii) , wl  -A  is  | | ' | | -accretive. 

Condition  (ii)  implies  that  x t & when  x € i/(A) , y € Ax, 
and  x - Ay  e-  ; hence,  by  (i),  .Mf’(I-AA  ) D % As  V is 

lower  semicontinuous , 3,^  is  a closed  subset  of  Cl^i/(A); 

hence.  Cl  A ) C C i^(I-AA  ),  and  A meets  all  conditions 

*1  CL  CL  CL 

of  Theorem  I of  [4],  It  follows  that  (I-AA^)  has  a continuous  in- 
verse J,  (meeting  all  conditions  of  Definition  2.1)  and  the  pro- 
duct formula  u(t,x)  = lim  (I  - — A ) n x leads  to  a dynamical 

n-Hx, 

system  u:  ;if{  such  that  ||u(t,x)  - u(t,y)||  <_  e1'  | | x-y  | | ^ 

for  all  x,y  c St , t 6 .'f’+  (4).  In  order  to  show  that  V is  a 

Liapunov  function  for  u on  we  note  that  (ii)  implies  that 

V(Jvx)  £ V(x)  for  x fc  # and,  therefore,  J,  x G St • As  V is 

lower  semicontinuous,  V(u(t,x))  _<  lim  inf  V(J^,  x)  _<  V(x)  for 

n -*■  <»  ' 

t > 0 and  x € St,  and  we  conclude  that  V(x)  <_  0 for  every 
x € St . By  the  same  reasoning,  we  see  that  J£f}  O St  is  positive 
invariant  for  each  3 < a. 


for 
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Finally,  we  note  that  if  Cl  I^(A)  = W = (I-AA) 

30 


all  sufficiently  small  A > 0,  and  if  suitable 
(a)  < , exist  for  every  finite  a 


lu,  Aq(«)  > 0, 


a , some  a < ",  then 
o o 


the  above  conclusions  hold  on  Cl  //(A  ) for  each  finite  a > a 

a o * 


If  U ~ > then  each  x e 96  (resp.  x &&){A)) 

a <a<“° 

o 

is  in  some  Cl^(A.t)  C &a  (resp.  2 [A  ) ) for  finite  a > aQ; 
hence,  the  remaining  conclusions  follow  and  the  proof  is  complete. 

& 


If  -/(A)  is  dense  and  V(x)  - 0,  u _>  0 , then  Theorem 
2.2  and  Theorem  I of  Crandall  and  Liggett  [4]  are  equivalent; 

A generates  a | | • | | -quasicontractive  dynamical  system  on 

/=  ",  - 6,  On  the  other  hand,  if  9 ^ ‘6  Theorem  2.2  provides 

a a 

a constructive  method  for  defining  a restriction  A that,  by 
Theorem  1 of  [2],  generates  a | | • | | .^-quasicontractive  dynamical 
system  on  / = Cl  7(A  ).  However,  the  last  part  of  Theorem  2.2 

'/>  (X 

provides  a true  extension  of  Theorem  I of  [4]  if  w(a)  -+  °°  as 
•*  ■ ; the  resulting  dynamical  system  on  6 need  not  be  (uniform- 
ly) quasicontractive  in  terms  of  any  equivalent  norm.  This 
situation  arises,  for  example,  in  certain  problems  in  nuclear 
reactor  dynamics  which  motivated  this  result;  the  analyses  of 
[12,21]  could  be  considerably  simplified  by  the  use  of  Theorem  2.2. 

There  are  other  uses  to  which  Theorem  2.2  can  be  put,  even 
for  generated  dynamical  systems  that  are  quasicontractive.  For 
example,  consider  the  nonlinear  partial  differential  equation 
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Tt  y / fc) 


— 5-  y (n , t)  + f ' (y  (n  , t) ) , 

3n2 


t > o,  0 _<  n £ 1, 

(3) 


with  boundary  and  initial  data 


y(0ft)  = 0 = y ( 1 , t)  , t > 0 , 

y (n,0)  = xQ  (n)  , 0 f n < 1. 


(4) 


Here  f'  (£)  = f(£)  with  f:  lJ(  -*■  twice  continuously 

differentiable  and  f(0)  = 0,  sup  f"(C)  = m < 00 . This  is  a 
slight  generalization  of  a problem  considered  in  a somewhat 
different  context  in  [2J. 


In  order  to  place  (3), (4)  in  the  form  (2),  let  3x  denote 
the  generalized  derivative  of  a function  x:  [0/1]  -*■  let 

/)x}>  denote  the  space  of  (equivalence  classes  of)  functions  x t 
having  n Lebesgue  square  integrable  derivatives  S^x,  i = l,...,n, 
and  let  V n denote  the  space  of  continuous  functions  having 
n continuous  derivatives.  In  contrast  with  [2],  we  choose  to 
view  (3) , (4)  in  the  natural  topology  of  b ; hence,  we  consider 

A 

(2)  with  / = '(■ , where 


f = {x  t ( | x (0 ) = 0 = x ( 1 ) } , | | x j | ^ = max  | x (p)  j , 

b o<n<i 


y(A)  = {x  e b | ax  <=  b } , 


(5) 


Ax(n)  = a x ( n)  + f'(x(n)),  0 < n < 1,  x e yv\) 


12. 


It  is  possible  to  show  that  t£’(I-XA)  = <'■  for  all  suf- 
ficiently small  X > 0,  and  that  10I-A  is  accretive  for 

= m;  hence,  by  Theorem  I of  [4]  (equivalently,  by  our  Theorem 
2.2  with  V(x)  0) , it  follows  that  A generates  a quasi- 
contractive  dynamical  system  u on  r>;  moreover,  Theorem  II 

of  [4]  implies  that  u(*,x  ) provides  the  unique  strong  solution 

o 

of  (2)  for  every  x e l'(A)  such  that  (2)  has  a strong  solution. 

o 

Despite  appearances,  there  is  more  information  to  be  gained 
from  Theorem  2.2  if  a suitable  nontrivial  function  V is  used. 
Extending  a function  used  in  [2]  , we  define  V:  V>  -*■  by 

2 ~ }- 

v (x)  = (8x(g))  dn  - 2 | f(x(n))dn,  x e r,  o//  , 

J 0 Jo 

(6) 

V ( x ) = M if  x € t , x ^ //^ 


In  [2]  the  corresponding  dynamical  system  was  set  on 
( in  the  topology  induced  by  the  natural  norm  of  t ^ ; in 

that  context  V was  continuous.  Here  our  dynamical  system  u 

0 " — 

is  described  in  the  topology  of  ( and  V:  t,  V is  not  con- 
tinuous; however,  as  will  follow  from  Proposition  3.5  in  the 

A 

next  section,  V:  < -*  is  lower  semicontinuous . Applying 
the  mean  value  theorem  to  f ’ ; '4’-> we  find  that,  for  x e C/{h) 
and  X ~>  0, 
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V(x-AAx)  > V (x)  + A [2+ A ( TT2-2m)  ] f [ D2x  (n)  +f'  (x  (n)  ) ] 2dn  • 

1 0 


Given  any  e > 0,  e < 1,  it  follows  that  there  exists 

A >0  such  that 

o 


v(x-Aax)  > v(x)  +JA(l-e)f  [D"x(n)  + f '(x(n) ) ] 2dn  (7) 

i 0 


for  all  A c ( 0 , A ),  x t _/(A)  . Applying  Theorem  2.2  we  now 
o 

find  that  V is  a l.s.c.  Liapunov  function  for  u on 


(J  , each  set  '/  = { x € r jv(x)  <_  »}  is  positive  invariant 

. A U l 

and  closed  for  a € % , and  U 3 = /f  is  positive  in- 

x e.n' 

variant  and  dense  (with  empty  interior)  . Noting  that  V(x)  - co 
for  x e < , x 'i  we  see  by  Definition  1.3  that  V is  a 

l.s.c.  Liapunov  function  for  u on  all  of  %. 


From  Theorem  2.2  we  have  obtained  the  separate  conclusions 

that  V is  a Liapunov  function  on  M - Sf  O and  that 

a e r 

is  positive  invariant  for  each  a £ actually, such  con- 

clusions are  not  independent,  whether  or  not  u is  known  to 
be  generated,  and  in  the  following  section  we  point  out  this 
fact  for  general  dynamical  systems.  Other  results  in  the  follow- 
ing section  are  needed  in  order  to  continue  with  our  example. 
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3.  Lower  Semicontinuous  Liapunov  Functions 
The  useful  property  of  a Liapunov  function  V is  that, 
under  relatively  weak  conditions,  its  value  can  be  shown  to  be 
nonincreasing  along  motions  of  the  dynamical  system;  this 
property  leads  to  many  interesting  conclusions.  In  order  to 
obtain  conditions  sufficient  to  insure  that  V(u(*,x))  is  non- 
increasing,  we  will  need  the  following  simple  lemma.  (Although 
this  result  probably  is  available  elsewhere,  we  have  been  un- 
able to  find  it;  a similar  lemma  stated  in  [14]  is  not  true 
without  a strengthened  assumption  that  we  make  here.) 


Lemma  3.1;  Let  f : ( [0  , (3)  C ft)  -*■  % be  defined  on  [0,3), 

0 < $ _<  °°,  with  f (0 ) < io  and  f(t)  > -°°  for  every  t fc  [ 0 , 3 ) , 

and  assume  that 

(i)  f is  left  lower  semicontinuous  on  [0,3);  i.e., 

lim  inf  f(t)  > f(t  ) for  every  t c (0,3), 

t ^ t ° ° 

o 

(ii)  the  lower  right  derivative  is  nonpositive  on  [0,3);  i.e., 

f (t)-f (t  ) 

D+f  (t)  - lim  inf — <_  0 for  every  t e [0,3  ) . 

t N.  t t-t  ~ ° 

o o 

Then  f is  nonincreasing  and  differentiable  almost  everywhere 
on  compact  subintervals  of  [0,3);  moreover, 

ft 

D+f  (s) ds 


f(t)  < f(0)  + 


0 


Vt  € [0,3). 
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Proof : Choosing  some  e > 0,  define  f (t)  = f(t)  - et  for 

t ( [0,3).  Then  f is  left  lower  semicontinuous  with 
f (0)  = f (0 ) and  f (t)  > -°°,  D+f  (t)  £ -e,  for  every 
t t [0,3).  We  claim  that  f (t)  <_  f (0)  for  every  t e [0,3); 
if  not,  left  lower  semicontinuity  implies  the  existence  of 
t^v  [0,3),  t^  (t^,3),  such  that  f (t)  £ f ( 0 ) for  t ( [ 0 , t ^ ] 
and  f (t)  > f ( 0 ) for  t ( (t^,t2>.  however,  this  leads  to 
the  contradiction  D+f  (t^)  _>  0;  we  conclude  that  f (t)  _<  f(0) 
for  every  t e[0,3)  and,  as  e > 0 was  arbitrary,  the  same  is 
true  for  f.  Replacing  t = 0 with  t = y f (0,3)  and  repeat- 
ing this  argument,  we  find  that  f(t)  < f(y)  for  all  t € [y,6) 
and  all  y e [0,3);  hence,  f is  nonincreasing  and  f inite- valued 
on  [0,  ).  By  a standard  result  of  integration  theory  (see  [16], 
Section  34.2)  it  follows  that  f is  a.e.  differentiable  on 
compact  subsets  of  [0,3)  (with  derivative  equal  a.e.  to  D.f(t)), 

"T 

and  that 

ft 

f(t)  < f(0)  + ! D f (s) ds 

Jo  + 

cor  every  t c [0,3).  The  proof  is  complete.  IS 


The  following  proposition  is  now  obvious. 


■ 


16. 


Proposition 

! tj 

Let 

u:  x 

#- 

42  be 

a dynamical  system 

on  a metric 

space 

a, 

and  let 

V: 

9C  +<* 

be  a l.s.c.  Liapunov 

function  for  u 

on  a 

set  & C 

&. 

If  X 

£ $ , V (x) < » , and 

u(t,x)  e 9 

for  all  t 

€ [0,3)  , 

0 < 

then  V (u ( • , x) ) is 

nonincreasing  and  differentiable  a.e.  on  compact  subintervals 
of  [0,3);  moreover. 


V ( u ( t , x ) ) < V(x) 


+ 


•t 

V (u  (s , x)  ) ds 

J 0 


Vt  e [0,3)  . 


Proof ; As  u ( • , x)  : _<#+  ->5t  is  continuous  and  V:  '4  ->  is 

lower  semicontinuous , we  define  f (t)  = V(u(t,x))  for  te[0,3) 
and  note  that  all  conclusions  follow  from  Lemma  3.1.  ® 


From  Proposition  3.2  it  is  apparent  that  V(u(*,x))  is 
nonincreasing  on  provided  that  Y(x)  is  contained  within 

a set  £ C such  that  V is  a Liapunov  function  on  4 . If 
V is  not  a Liapunov  function  on  all  of  41 , the  problem  now  is 
to  ensure  that  y(x)  is  contained  in  some  $ C&-  this  is 
directly  related  to  the  problem  of  determining  positive  in- 
variant sets.  The  following  proposition  is  well  known  for  con- 
tinuous Liapunov  functions;  we  prove  it  here  for  the  lower  semi- 


continuous case. 
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Proposition  3.3: 

Let 

u:  & x 

% be  a 

dynamical  system 

on  a metric  space 

and  let 

V:  S?  ->  & 

be  a l.s.c.  Liapunov 

function  for  u 

on  a 

disjoint 

component 

& of  the  set 

a 

{x  Gi2[v{x)  £ a}  for  some  a < 00 . Then,  for  each  (3  < a , the 

set  = {x  G y ] V (x)  <8)  is  positive  invariant  and,  for  every 

5 a ' — 

x G , V (u(*,x))  is  nonincreasing  and  differentiable  almost 
everywhere  on  compact  t-intervals;  moreover, 


V ( u ( t , x ) ) < V(x) 


V (u (s , x) ) ds 

1 0 


Vt  gl?+. 


'roof : In  view  of  Proposition  3.2,  it  only  remains  to  be  shown 

that  is  positive  invariant.  Let  us  consider  x G 5?  , 

noting  that  V(x)  £ 6 and,  by  the  continuity 

of  the  map  u(’,x),  V(u(*,x))  is  lower  semicontinuous  on  14? + . 

Either  u(t,x)  remains  in  Sf  on  some  finite  interval  1 0 , T ] 

a 

or  it  does  not.  If  not,  the  lower  semicontinuity  of  V(u(*,x)) 
implies  the  existence  of  6 > 0 such  that  7(u(t,x))  > a for 
all  t v (0,  );  therefore,  we  obtain  the  contradiction  that 

0 £ V(x)  = lim  inf  i [V(u(t,x))  - V(x)]  = + «. 
t \ 0 

Hence,  V(u(t,x))  g & for  t G[0,T]  for  some  T > 0;  apply- 
ing Proposition  3.2,  we  find  that  V(u{t,x))  £ V(x)  £ 6 
t > [ 0 , T ] . Repeating  this  process,  we  find  that  either  u(t,x) 
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remains  in  for  all  t 6 i,+  or  there  exists  positive 

r < such  that  V(u(t,x))  _<  8 for  every  t e [0,t)  and 
V(u(t,x))  > i.  By  the  lower  semicontinuity  of  V(u(-,x)), 
the  latter  case  is  impossible,  and  we  have  shown  to  be 

positive  invariant.  Applying  Proposition  3.2,  the  proof  is 
complete. 


Often  there  are  severe  difficulties  involved  in  computing 
V when,  as  is  usually  the  case  in  applications,  the  mapping 
u: St  x St  ► St  is  not  explicitly  known  [18,22,23].  For  a 
generated  dynamical  system,  the  following  result  provides  a 
means  of  obtaining  at  least  a nonnegative  lower  bound  for  -V. 


Theorem  3.4:  Let  u:i?+  x St  ► St  be  a generated  dynamical 
system  on  a metric  space  St.  Let  there  exist  lower  semicontin- 
uous  functions  V\St  -*■  St  and  p.  * St  ■*  St , V(x)  > -«  for 
x • St,  such  that 

(i)  V (J  - x)  < V(x)  - XU(X,JAx)  Vx*  St,  \ ( (0,Xq), 

(ii)  0 <_  U (0 , x)  Vx  e , 
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■ h^rc  q > 0,  u v cO'  and  is  a disjoint  component  of 

£ | V ( x ) < a}.  Then  - (x  eS?a|V(x)  < 8}  is  positive 

invariant  for  every  8 < ct  and  V is  a l.s.c.  Liapunov 
function  on  5a  with  V(x)  < -U(0,x)  for  every  x e#  . 


Proofs  For  x t € (0,Xq),  and  n = 1,2,..., 

that 


we  see 


^[V(J?/n  x)  ' v(x)]  = E ? [v(Jt/n  x) 

m=  1 z/ n 


V ( Jt/n  x^ 


S > U<K'Jt/n  xl 
m=i 


< - inf  X)  | m= 1 , 2 , . . . , n } 


m 


kn'  t/n 


- ' inf  {U(ST'JT/m  x)!°  < T 5 t,  m=l , 2 n}  , 

m,  r / 


.0 


where  J,  x - x.  Since  u is  generated  and  V is  lower 
semicontinuous , 


- [ V (u  ( t , x)  ) - V (x)  ] £ lim  inf  i[V(j"  x)  - V(x)] 

->  ^ u/n 


- ‘ {U(S'Jx/m  x)!°  < T 1 t,  m=  1 , 2 , . . . } 


and  it  follows  that 


20. 


V(x)  = lim  inf  — [V(u(t,x})  - V(x)] 
t X 0 fc 


< -lim  sup  inf  {U  ( - , J . x)  I 0 < x < t,  m=l , 2 , . . . } ] 
— . v n m x/m  ' — 

t \ 0 m , x 


Denoting  the  last  term  by  -f(x),  f : St  -*■  ^ , it  follows 
that  for  each  e > 0 there  exists  a sequence  {x.,m,  } ~ 

K.  J\  ^ “i  j 4 j • • • 

depending  on  x and  e , such  that  m^  is  a positive  integer, 


k ' k+ 1 


0,  x, 


0 as  k •>  ®,  and 


Tk  mk 

f ( x ) + e > lim  inf  U(— ,J„.  x) 

k -*■  °°  mk  T k/m^ 


If  the  sequence  {m,  },  , 9 is  bounded,  then  the  lower  semi- 

continuity  of  U and  the  fact  that  J™  x -*■  x as  \ "■  • 0 , uniform- 
ly in  m=l,2,...,n  for  finite  n,  together  imply  that 
f(x)  + > U(0,x).  On  the  other  hand,  if  the  sequence 


(m,  _ is  not  bounded,  then  there  exists  a subsequence 

K K X f f • • • 

{t  ,n  } . - of  {x.  ,m.  , 0 such  that  n is  a 

p p p= 1,2,...  k kk-1,2,...  p 

positive  integer,  n ->  <*>  as  p -*  00 , t > t , >0,  t 0 as 

P P P^  P 

p ► and 


t n 

f (x)  + e > lim  inf  U(— ^,J.P  x) . 


n't, 

P P/n 


Then,  since  J:1  . x -*■  u(t,x)  as  n •>  uniformly  on  compact 

t/n 

t-intervals,  it  again  follows  from  the  lower  semi continuity  of 
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■1 


U that  f (x)  + e > U(0,x)  . As  x 6 ^ and  e > 0 were 

arbitrary,  we  obtain  V(x)  <_  -f(x)  < -U(0,x)  for  every  x e St. 

We  now  have  V(x)  < -U(0,x)  < 0 for  every  x £ ^ ; 

— — a 

therefore,  V is  a l.s.c.  Liapunov  function  on  £ and  the 

u 

positive  invariance  of  ^ , 6 < a , follows  from  Proposition 
3.3.  The  proof  is  complete.  !a3 

fl 

Remark:  If  a (possibly  multivalued)  generator  A:(i/(A)C  tf)  -> 

"generates  u"  in  the  sense  of  Section  2,  where  the  Banach 
space  3 ^ Cl..r_/(A)  and  = (I-AA)  ^ , then  condition 

(i)  is  equivalent  to 

(i)  ' V (x- Ay)  - V (x)  > A U ( A , x ) , 

for  every  x £ £/(  A),  y e Ax,  .A  £ (0,Ao),  such  that  x - Ay  6 S'. 

Remark : Since  V is  lower  semicontinuous , each  S is  closed 

P 

for  t u,  although  possibly  empty;  moreover,  we  note  that 
$ may  be  nonempty  with  empty  interior. 

As  a somewhat  trivial  application  of  Theorem  3.2,  let  a 
dynamical  system  u:  x S'  S , S a Banach  space,  be  generated 


by  a (possibly  multivalued)  operator  A:  (£2' (A)  C S)  ■+  SC  such 
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that  wl  - A is  accretive  for  some  w <_  0 and  0 £ ^(A)  . 

Then  defining  V(x)  = ||x-x  ||  with  xq  such  that  0 £ Axe, 
application  of  Theorem  3.2  immediately  yields  V(x)  <_  .,V(x). 

Of  course,  as  the  theory  of  C0-semigroups  shows  that  u must 
admit  the  estimate  | |u(t,x)  - xg j | £ eutj  |x-x  j | [4],  this 

estimate  can  be  used  in  Definition  1.2  to  achieve  the  same 
conclusion . 

As  a more  interesting  application,  consider  the  example 
which  was  begun  in  Section  2.  With  VS  , A,  and  V defined  by 
(5)  and  (6),  we  set  St  = in  Theorem  3.4  and  note  from  (7) 

, 4-  ~7\ 

that  the  function  U:  f x 6 ->  .n , given  by 
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w(x)  =}(  [32x(ti)  + f'x(n)]2dn,  x e i n , 

' h * 

(9) 

2 

W ( x ) = u if  x 6/  , >:  <?  /f7  . 


The  remaining  conclusions  of  Theorem  3.4  were  previously 

obtained  in  Section  2 for  this  example.  A new  conclusion 

can  be  reached  by  noting  the  result  V (x)  £ - W(x)  for 

x 6 (’  H #2  and  applying  Proposition  3.3,  from  which  it  follows 

1 2 

that  u(t,x)  cannot  remain  in  ■ H (^2  ~ ^ 2^  on  an^  °Pen 
time  interval  in  bt  . We  shall  return  to  this  example  later. 

Theorem  3.4  provides  both  an  estimate  for  V and  a family 

\£  } , of  positive  invariant  sets.  We  note  that  if  some 

t 3 < a 

, i < 4,  is  bounded  (or  precompact),  then  the  positive  orbit 

P 

y(x)  is  bounded  (or  precompact)  for  every  x € Of’, ; this  suggests 
the  possibility  of  using  Theorem  3.4  to  assure  precompactness 
of  positive  orbits,  an  essential  requirement  for  useful  applica- 
tion of  the  Invariance  Principle  [8,11,18,20).  Note  that  if 
there  exists  a smaller  metric  space  C 9/  such  that  some 
7/  , < 4,  is  a ^-bounded  subset  of  and  the  injection 

•>  is  compact,  then  is  i?-precompact  and  y(x)  is 

precompact  for  every  x 6 . This  idea  is  related  to  the  pre- 

vious approaches  of  Hale  [11]  and  Slemrod  [18]  for  assuring  pre- 
compactness of  positive  orbits,  but  it  is  much  simpler  in  that 

we  do  not  make  the  assumption  of  [11]  and  [18]  that  u,  res- 
tricted to  x 5^,  is  also  a dynamical  system  on  ty.  This  ad- 
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vantage  may  be  partially  offset  in  applications  by  the  practical 
problem  of  assuring  that  V:  -*■.#  is  lower  semicontinuous  on 

[19]. 

We  now  provide  a sufficient  condition  for  lower  semicon- 
tinuity that  is  related  to  our  comments  on  orbital  precompactness . 


We  note  that  if  V : St  -*■  S?  meets  the  conditions  of  Theorem  3.4 


as  well  as  those  of  Proposition  3.5,  with  d (x,y)  _ I I x-y I I 

& :#o 

then  S a = '-''a  is  i?"-precompact . 


Proposition  2L5:  Let  F:  (_/(F)  C ^ ) -*■  ■'%  , />q  a Banach  space, 

and  let  / denote  the  set  {x  6 7(F) |F(x)  < a},  a G Si. 

ct  — 

Let  :■/. j be  a reflexive  Banach  space  such  that 

(i)  C '^o  and  the  injection  -*■  ‘id  is  compact, 

(ii)  for  every  (finite)  a £ Si , cf  C d and  / is 

a l a 

both  /^-bounded  and  ^-weakly  closed. 

Then  F:(j^(F)  C fd0)->-L^i  is  lower-semicontinuous  on  i/(F)  and 
s is  precompact  in  tdQ  for  every  a G If  £/( F)  is  closed 

in  dQ  , y is  compact  in 


Proof : Suppose  that  F is  not  lower  semicontinuous;  then  there 

exists  x G y( F)  , c > 0,  and  a sequence  {x  } , ~ C C/( F) 

o n n- i , s. , . . . 

such  that  x •>  x as  n •>  00  and  lim  inf  F(x  ) = 5 < F(x  ) - 
no  n — o 

F(xq)  < •» . By  choosing  a subsequence,  if  necessary,  we  may 


2 e, 
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assume  that  F(xn)  £ <$  + e for  every  n;  hence, 

x ‘ ■)  C C ^ Since  ^ is  reflexive  and 

n n=l , 2 , . . . o + e . 1 o + e 

is  ^-bounded,  we  may  assume  (by  choosing  another  subsequence, 

. t'  necessary)  that  (x  } . „ is  also  '^.-weakly  convergent 

:.o  some  y e [9];  in  fact,  y € 5/s , since  -/  , is 

w akly  closed.  As  the  injection  ^ •+  is  a compact  linear 

operator,  it  maps  ^ -weakly  convergent  sequences  into 

-strongly  convergent  sequences  [9);  hence,  xq  = yQ  t ^ . 

This  contradicts  our  assumption  that  xq  ~/‘s+2  anc^  implies 

that  F:  (_/(F)  C <fiQ)  ~y  * is  lower  semicontinuous . 

As  / is  ^.-bounded  and  the  injection  ■#.  -*■  .4?  is 
a 1 J 1 o 

compact,  / is  ^ -precompact.  If  i/(F)  is  closed  in  .<#  , 


lower  semicontinuity  of  F implies  that  V is  closed  in  j#  ; 

2 ^ a o' 

hence,  / is  compact  and  the  proof  is  complete.  0 


Remark : As  is  locally  convex,  a closed  convex  set  in 

must  be  weakly  closed  [9];  hence,  we  can  replace  (ii)  by  the 
simpler  but  more  restrictive  condition 

(ii)  ’ for  every  (finite)  a € 'a',  /^  is  a convex 

'^-bounded  and  '^-closed  subset  of  . 

As  an  application  of  Proposition  3.5,  consider  the  function 
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H 


V of  (6)  defined  on  the  Banach  space  defined  by  (5).  We 

^ ^ 

note  that  V = F +H,  where  H:  .6  ■+  is  continuous  and  F:  ->■=* 

is  defined  by 

F(x)  = [ ( 3x(n)  ) “dn  , x G D W ].  , 

1 0 

* 1 
F(x)  =«>  if  x G f • , x fc'  # 2 

A 

Defining  1/  - {x  g5£|F(x)  £ a},  a » i' , and  defining  a Hilbert 

space  to  be  the  set  ’(>'  H equipped  with  the  natural 

1 . 
norm  of  it  2,  we  see  that  the  injection  ^ ->  r.  is  compact, 

is  reflexive,  and  it  is  a closed  convex  bounded  subset  of 
l a 

A for  every  a G !$ . Hence,  by  Proposition  3.5  with  condition 
(ii)  F:  V>  -y  ^ is  lower  semicontinuous  and  is  compact 

in  t . It  follows  that,  as  claimed,  V:  <yf?  ■>  also  is  lower 

semicontinuous.  Moreover,  if  f:  -+  '+  is  such  that  there 

exist  (,  t for  which  {x  6 V>  |V(x)  £ 3)  C {x  G lzi  |F(x)  < a}, 
then  '4 ^ C / and  ^ is  compact;  consequently,  the  positive 
orbit  y(x)  is  precompact  for  every  x < $ 

In  a similar  manner  we  can  show  that  W:.V/  ->-  ' ^ , given 
by  (9),  is  lower  semicontinuous.  We  note  that  W = Fll,  where 
H:  V.  >■  h is  continuous  and  F:  V5  -*■  is  defined  by 
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F (x)  = 1 


O x (n) ) dn  / x e %'  n # 


F (x)  = « if  x € # , X ^ y 2 . 


Defining  a Hilbert  space  to  be  the  set  't  ^ ^ equipped 

with  the  natural  norm  of  ^ 2 ' ar9ument  made  above  again 

applies,  and  F:  .if  is  lower  semicontinuous ; it  follows 

A 

that  W:  jti  ->  is  lower  semicontinuous.  Moreover,  since 

U = (l-e)W  and  e < 1,  it  follows  that  U : (ft  x i?’ 
given  by  (8)  is  also  lower  semicontinuous,  as  was  previously 
claimed . 

In  combination  with  a result  such  as  Proposition  3.5, 

Theorem  3.4  provides  a means  of  assuring  precompactness  of 
positive  orbits?  hence,  the  Invariance  Principle  is  made  avail- 
able for  the  study  of  positive  limit  sets  and  asymptotic  be- 
havior of  motions.  The  usual  form  of  the  Invariance  Principle 
is  given  by  (a)  of  Theorem  3.6  below,  and  its  proof  is  well 
known  [5,11,14].  This  form  of  the  Invariance  Principle  requires 
a continuous  Liapunov  function,  which  seems  unfortunate  since 
a l.s.c.  Liapunov  function,  capable  of  showing  precompactness 
of  positive  orbits,  will  not  be  continuous  unless  ^ is  a com- 
pact metric  space;  hence,  a second  (continuous)  Liapunov  function 
must  be  found,  and  Liapunov  functions  often  are  very  difficult 
to  find.  This  disadvantage  led  Dafermos  [6,7]  to  an  extension 
of  the  Invariance  Principle  which  employs  finite-valued  l.s.c. 
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Liapunov  functions;  unfortunately,  his  extension  applies  to  only 
a very  special  class  of  dynamical  systems,  wherein  every  motion 
is  known  to  be  stable  a-priori.  A more  generally  useful  exten- 
sion seems  to  be  provided  by  our  result  (b)  of  Theorem  3.6  below . 
Related  to  an  idea  used  by  Ball  [1]  in  yet  another  extension  of 
the  Invariance  Principle,  result  (b)  of  Theorem  3.6  extends  the 
Invariance  Principle  to  l.s.c.  Liapunov  functions  and  general 
dynamical  systems.  Rather  than  requiring  knowledge  of  V 

as  in  (a),  result  (b)  requires  only  an  explicitly  known  lower 
semiconti.nuous  and  nonnegative  lower  bound  for  -V,  such  as  the 
estimate  U(0,x)  provided  by  Theorem  3.4. 


Theorem  3.6:  Let  u:90  + x -v  91  be  a dynamical  system  on  a 
metric  space  St,  and  let  V be  a l.s.c.  Liapunov  function 
for  u on  a set  & C-St  such  that  V(x)  <_  -W(x)  _<  0 for 

all  x £ '6 , where  Vh(S'CSt)  -*  9?  is  lower  semicontinuous  on 
9 Cl  S'  and  V(y)  > -»  for  all  y 6 S’.  If  y (x)  C then 

H(x)  C Jt  + , vjhere  is  the  largest  positive  invariant  subset 

of 

(a)  ^ = {z  e S’ \v  (z)  =0}  if  V is  continuous 

(in  fact,  (!(x)  C #+  H V ^(B)  for  some  8 e Lf5 ) » 

or 

(b)  ^ = (z  e S’ \VJ  (z)  = 0}  if  V is  only  lower 


semicontinuous . 
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If,  in  addition,  St  is  complete  and  y(x)  is  precompact, 

St.  . 

then  u(t,x)  as  t ->  00 , where  Jt  is  the  largest  invariant 

subset  of  .4^  if  V is  continuous,  or  of  if  V is  only 

lower  semicontinuous . 


Proof : It  is  well  known  that  £2(x)  is  closed  and  positive  in- 
variant [11,14].  If  St  is  complete  and  y(x)  is  precompact, 
then  9 (x)  is  nonempty,  compact,  connected,  and  invariant; 
moreover,  u(t,x)  -►  9t[x)  as  t ->-  «.  Assuming  that  y(x)  C S', 

we  have  9(x)  C Cl  y(x)  C S . If  y(x)  is  not  precompact  f;(x) 

St 

may  be  empty,  in  which  case  the  theorem  is  obviously  true  but 
vacuous;  hence,  we  will  assume  that  -- (x)  is  nonempty. 

There  now  are  several  cases  to  be  considered. 

If  V(u(t,x))  = " for  all  t G l4T+,  Definition  1.3  im- 
plies that  W(u(t,x))  i 0 on  SI  ; hence,  by  the  lower  semi- 
continuity and  nonnegativity  of  W,  W(z)  = 0 for  every  z G Q(x) 
and  result  (b)  applies. 

If  V(0)  = ™ but  V(u(t*,x))  < " for  some  t*  > 0, 
we  may  replace  x by  x*  = u(t*,x)  and  note  that  Q(x*)  = ( x ) , 
V(x*)  < °°;  hence,  the  proof  of  (b)  for  this  case  can  be  embedded 
in  the  proof  for  the  following  case. 

If  V(x)  < 00 , Proposition  3.2  shows  that  V (u  ( • , x)  ) -*■  St 

is  nonincreasing  as  well  as  finite-valued  on  '4f"+. 


This  implies 


that  V (u (t, x)  ) ->  3 < 00  as  t °°,  where  3 = inf  V(u(t,x)) 

t^T 

[16];  as  Cly(x)  C Q(x)  is  nonempty,  and  V(y)  > for 

every  y e $ , lower  semicontinuity  of  V implies  3 >-<*>. 

If  V:  !&  ->-■4’  is  continuous,  it  follows  from  the  definition  of 
fi(x)  (Definition  1.2)  that  V(z)  = 3 for  every  z e fi(x); 
furthermore,  as  fi(x)  is  positive  invariant,  V(z)  = 0 for 
every  z eft(x)  and  the  well  known  result  (a)  follows.  On 
the  other  hand,  if  V is  only  lower  semicontinuous , we  note 
as  in  the  proof  of  Proposition  3.2  that  V(u(-,x)):^  ->  9i  is 
differentiable  a.e.  and 

V(u(t,x))  - V (x)  < I V (u  (s  ,:■:))  ds  , t € . 

~ •'O 

Therefore,  considering  any  sequence  {t  } , _ C -^+  such 

II  II  -L  f £ f • • • 

that  t v 00  and  u(tn,x)  -+  z e 0(x)  as  n ->  00 , the  uniqueness 
of  the  limit  3 implies  that  for  any  T > 0, 

fT. 

0 > | V(u(s+t  ,x))ds  > [V(u(t  +T,x))  - V(u(t  ,x))]  -*■  0 as  n -*■ 

~ } 0 n n n 

As  W is  nonnegative  and  lower  semicontinuous,  we  apply  Patou's 
Lemma  [16]  to  obtain 

fT  r? 

| W(u(s,z))ds  _<  [ [lim  inf  W(u(s,u(t  ,x))]ds 
J 0 J 0 n ->  -» 

•T 

£ lim  inf  W(u(s+t  ,x)ds 
n ->  0 n 

,fT- 

< - lim  1 V(u(s+t  ,x))ds  = 0 


1 
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Therefore,  W(u(s,z)) 
continuity  of  W now 
i‘(\)  C (z  G ^|W(z)  = 


= 0 a.e.  s G [0,T],  and  the  lower  semi- 
implies  that  0 = W(u(0,z))  = W(z);  hence, 
0}  and  the  proof  of  (b)  is  complete.  U 


For  an  application  of  Theorem  3 . 6 we  return  to  the  ex- 

A 

ample  begun  in  Section  2,  with  rf,A,V,W  defined  by  (5),  (6),  (9). 

As  V is  only  lower  semicontinuous  on  '£  and  W is  a lower 

bound  for  -V  only  on  the  (positive  invariant)  set  $ = jg'n#'?,' 

J A 

we  note  that  & = if  and 

.^2  = { x g W | a2x (n)  + f ' (x (n) ) = o a.e.  n g [o , i] } 

= {x  G J>{A)  I Ax  = 0}  . 


Hence,  4 ^ consists  solely  of  equilibria  of  the  dynamical 

| A A 

system  u:  A'  * '6  -+#;  as  equilibria  are  invariant,  K = J( _ . 

t i 

It  follows  that,  for  x G j6Pi^0,  Q(x)  consists  solely  of 
equilibria.  If  f:  y?  -*■  ^ is  such  that 


<0 
' a 


c(xG^n)fj 


Ox  (n) ) 2dn  _<  6) 

0 


for  some  (finite)  a,  8 € where 

our  earlier  results  imply  that  $ 

o 

precompact  for  every  x G <£  and 


.<■ ; 


as  t ■> 


V 


^ = (x  G^'|V(x)  <_  a] , then 
is  compact;  hence,  y(x)  is 
u(t,x)  -*■  4 nSf  (strongly  in 
If  equilibria  are  isolated 


i 


for  every  x e 
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<*» 

in  f,  , it  then  follows  from  connectedness  of  the  positive  limit 
set  ;(x)  that  ft(x)  consists  of  exactly  one  equilibrium  for 
x e &a.  The  approach  used  here  might  have  simplified  considerably 
the  analysis  of  [2],  which  was  performed  (in  a different  space) 
under  stronger  assumptions  on  f:  ±4?  -*■ 

We  see  that  result  (b)  of  Theorem  3.6  is  not  as  strong 
as  result  (a).  Specifically,  if  V is  not  continuous,  V may 
not  be  constant  on  the  positive  limit  set  Q(x)  of  a motion 
u(*,x);  in  fact,  we  may  not  even  have  V zero  on  S3  (x)  unless 
-V  is  lower  semicontinuous  on  $ . In  contrast,  the  extension 
provided  by  Dafermos  [6,7]  for  finite-valued  l.s.c.  Liapunov 
functions  yields  V zero  on  Q(x)  without  assuming 
-V:  3t.  - to  be  lower  semicontinuous  on  ^ , provided  that 

all  motions  of  u are  known  to  be  stable  a-priori;  however, 
this  is  a very  strong  proviso  which  does  not  hold  in  general  for 
our  example.  It  would  be  extremely  difficult  to  compare  our  ex- 
tension with  that  of  Ball  (Theorems  2.2  and  2.3  of  [1]),  wherein 
the  assumptions  on  V are  of  a very  different  nature;  we  ask 
the  reader  interested  in  such  a comparison  to  consult  that 
paper  [1].  Here  we  only  mention  that,  in  our  example,  the 
function  V defined  by  (6)  violates  an  assumption  of  both  Ball 
[ 1 j and  Dafermos  [6,7],  as  it  is  not  f inite-valued  everywhere  on 

K 

We  emphasize  that  Theorem  3.6,  like  Propositions  3.2  and 
3.3,  applies  to  a general  dynamical  system  (Definition  1.1); 


specifically.  Theorem  3.6  does  not  assume  the  dynamical  system 
to  be  generated  in  the  sense  of  Definition  2.1.  At  present,  it 
seems  to  be  an  open  question  as  to  whether  or  not  all  dynamical 
systems  are  generated  in  the  sense  of  Definition  2.1. 

I wish  to  thank  Professor  E.  F.  Infante  of  Brown  Univer- 
sity for  his  interest  and  very  useful  suggestions  during  the 
course  of  this  work. 
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